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36 THE MATHEMATICAL GAZETTE. 

Equation (3) therefore becomes 

()a= f ( (x -) - - 
^'aL-^P V +e '"S a 

d5 f(x)= 2a a .f($) .1+ a e +e 

,+af7(N) {1 + 22 S a (vx- .)} d ............................(4) 

This equation holds for all values of x. 
Now let f(x) be a function either naturally periodic of period 2a, or else 

made artificially periodic by taking the natural values of the function from 
-a to +a, and repeating those indefinitely. 

By a well known theorem, the integral of any periodic function taken over 
any one period is equal to the integral taken over any other period. Now, 
under the restrictive hypothesis just made, f'() and cosTr(x - ) are both 

periodic in 5 of period 2a. Hetice f() 1 +2 cos 7r(x - ) is periodic in 
of period 2a. a 

Cx+a ,a 

Hence . =- a 
JX- J -a 

and we have /(x) 2 /() {1+2 cos (x - )d . ..................(5) 

which is Fourier's Theorem in its usual form. 

3. The same method can be applied to find the development of f(x) 
from a,=0 to x=a in a series of sines (or cosines) of odd mlultiples of 7r.x'2a. 

This is done by considering the identity 
f(x) = cosh aD secli a D .f(x) }, 

where in the last bracket sech aD is developed in partial fractions. 
It seems probable that this method might be successfully applied to 

discover other developments in series. L. N. G. FILON. 

ON SURFACES TRACED OUT BY THE MOTION OF 
AN INVARIABLE CURVE. 

?1. Suppose that a curve F of constant shape moves in space so as to trace 
out a surface E. The problem has sluggested itself to various authors 
whether it is possible for F to be always a line of curvature, geodesic, 
asymptotic line, etc., on i. The following elementary method of solving 
such problems may be of interest. 

Let (x, y, z) be the coordinates of a point Pon r referred to fixed rect- 
angular axes of reference, and let (5, -/, C) be the coordinates of 1P referred 
to moving rectangular axes a, b, c rigidly attached to r, and meeting in the 
moving point 0. 

Then if (1i, 12, 13), (21 m2, ,n3), (ii1, n2, n3) are the direction-cosines of 
a, b, c, and (Pl, P2, P3) are the coordinates of 0, referred to the fixed 
reference-axes, 

x-=114+ Mn1lz+n2+p1, y=l12 + n271 +n2 Z=+P2 z= 13+ n3 + 71n3+ P3. 

We may suppose ,, r/, functions of a parameter u, and the l's, m's, n's, p's 
functions of a parameter v, which may be considered as the time taken by 
a, b, c to arrive at their present positions from standard positions. 

We denote differentiation with respect to u and v by dashes and dots 
respectively. 
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MOTION OF AN INVARIABLE CURVE. 37 

? 2. We put 0I for 

;W1l1 + 71 2 + t37l3? -+l -- l- m.2l2 - ~ ̂ 33 ,, etc., 
so that [1 = w03l1 - 2.71, etc. 

We also put \V for 11l +)21,2+p333, etc., 

and A4, B, C for V1 - 0)3i+u, V q-01+ 03, 3 - )2 +0)17. 

It will be readily seen that (o, (o), (o3 are the angular velocities of r about 
the instantaneous positions of c, b, c; and that T,, T1, l3 are the velocities 
of 0, and A, B, C are the velocities of P parallel to these positions. 

? 3. We have on the surface S, 

E=X 2X+y2+y2z+ '2=$2+j2?'i'2, F=- 'x+y, y+z' =A, B $'+ C', 
x" y" z" A B C 

E x' y' z' = " N' i" , 
x q z $' V' r 

' ij' z' A B C 
F- x' y' z' = A' B' C' 

Zt 1j Z 17 N 9 

If F=0 for all values of u, eacli point P of P is moving perpendicular to 
the tangent at P. po0n,? 

If F=0, r and the paths of eachl point of r trace out a conjugate reseae 
Oll ,. on 2. 

If EF-FE - 0, r is always a line of curvature on i. 
If E = O, r is always an asymptotic line on .X 

If (~'~-+"'17"+ $'~")(Al' + B1' + Ce') - ('- +, 2 
+ +'2)(Al" + B" + - c o, 

r is always a geodesic on ,. 

The last two relations hold if and only if P is moving perpendicular to the 
binormal or principal normal of r at P respectively; as is geometrically 
obvious. 

The application of this is immediate. Suppose, for instance, we require 
the condition that r is always an asymptotic line. The fact that E- 0 for 
all values of t gives us certain relations between o1, (), 0)3, , ', T, T,3 
which can be interpreted geometrically by the aid of ? 2. For instance, if the 
ratios 0o o2: (o3: VI3: : : V3 are constant, r is being screwed with constant 
pitch about an axis rigidly attached to r. This axis is therefore fixed in 
space, and y is a helicoidal surface. 

? 4. If r is a plane curve (not a straight line), we may suppose C=0. 
We readily see that P cannot be always an asymptotic line. 

If r is a geodesic, (e', + y) ' 3 - r' 1 + $'V= 0. 

This is obviously only possible in general for all values of u, if 

T1 = (T1 = 0. 

Hence r is always instantaneously rotating about a line in its own plane.t 
In this case U and the paths of each point of r are also lines of curvature. 

As another example, suppose F is the curve 

$= a3 1, = - =. 

" See Frost's Solid Geometry, Ch. XXIV. 
-P See Bianchi's Geometria Differenziale, ? 317. 
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Then E= 9L'4 + 4u+42+1, 

F= - 3u + 22s + (3 V - w1) +2 + 2 2U + V3, 
E = -6W2t5 - (601 -603) 4 + (6 V3+6(1-2(3)i2 4+(-6 T1 +2 W2) q-+2 V1, 

F = -3(0)o31tG + ( - 2w2 + 6010W2) ?15 + ( - 9 2 1 - 9003 1 - 3012 + 40)2 - (,32) a4 

+ (60)32 + 6w, V2, + 2(0)03- 2002)U3 
+ (- 4(w0 V + 3(03 VI + 3 1 3-4W3 3 3-- 4(03 3) - 

- (2W3 7V + 202 V3)u +( - W1i I - W2 V2)' 

Equating to zero coefficients of powers of u in F, we see that, if each point 
of r moves perpendicularly to the tangent at I, 

(2 = = = 03 = V '= =, = 3 1; 
and the surface ' is a helicoid with the line a as axis. 

The curve is always a geodesic on S if and only if 
aE aF F = 2E , 

leading again to 0 =(03= V2= 3--=0, 01= 3 l. 

Equating to zero the coefficients of powers of u in E, we see that the curve 
is always asymptotic if and only if 

0) = I = T =0, 2)1=2)3 =-3V3; 
and the surface is a helicoid with axis parallel to the bisector of the angle 
between a and c. 

Similarly F=O, i.e. the curve and the paths of each point form a conjugate, 
resea, if and only if 

(01 = 02= V2-=0, -4(03=36 V3=27 1; 
and the surface is a helicoid with axis parallel to c. 

Equating to zero the coefficients of powers of u in EF - FE, we get ten 
relations between o , 02), (T3 , F1 , V, 3 which are inconsistent (unless these 
quantities are all zero). Therefore the curve cannot always be a line of 
curvature on any surface which it generates. 

As other examples the reader may take the case when r is a conic or an 
equiangular spiral. 

? 5. The results of this paper may be at once extended to a surface traced 
out by the motion of any curve (not necessarily invariable) by considering 

', , ~ functions of both u and v. 
We have only to replace A, B, C by A + , B + , C+ ? in E, F, etc. 
For instance, in order to prove that no surface can have a family of right 

circular helices of given pitch for asymptotic lines, take -= a cos u, = a sin u, 
. = a tan a u, where a is a function of v only. 

Then E = 0, gives 
= 01 = 02= V1= V=O, T3 =a 03 tan a. 

(Ex.-When are such helices geodesics ?) HAROLD HILTON. 

A PROBLEM IN PROBABILITY. 
1. In the Greenwich meteorological observations, Table XIII. gives the 

excess of the arithmetic mean of the daily maximum and minimum over 
the true mean daily temperature for each day in the year. 

It is noticed that the table contains several very long runs of + or of -, 
and the following questions are suggested ;- 
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